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C V 4 R A C T E R I Z A T I O N  OF H A M I L T O N Z A N  INPUT-OtiT?UT SYSTEFS 
P . E .  Crouch 
Department of E l e c t r i c a l  2 n d  Computer  Engineering 
Tempe, AZ 5 5 2 8 3 ,  'J.S.A. 
Abs t r ac t  
I n   t h i s   p a p e r  we r e v i e w   r e c e n t   r e s u l t s   o n  
c h a r a c t e r i z a t i o n  o f  H a m i l t o n i a n  I n p u t - O u t p u t  s y s t e m s ,  
w h i c h   h a v e   b e e r .   o b t a i n e d  by t h e   a u t h o r s   a n d  9 .  
Jakubczyk. We g i v e   t h r e e   c h a r a c t e r i z a t i o n s   a n d   d e v e l o p  
t h e i r  i n t e r r e l a t i o n s h i p .  
1 .  I n t r o d u c t i o n  
I n  t h i s  paper 'de d e s c r i b e  r e s u l t s  o b t a i n e d  by t h e  
au tho r s  and  E. Jackubczyrc  concern ing  rea l iza t ion  theory  
f o r   H a m i l t o n i a n   i n p u t - o u t p u t   s y s t e m s .   T h e   p a r t i c u l a r  
a s p e c t  we s t r e s s  h e r e  i s  t h e   c h a r a c t e r i z a t i o n   o f  
H a m i l t o n i a n   i n p u t - o u t p u t   s y s t e m s   a s  a s u b c l a s s  of a l l  
i n p u t - o u t p u t   s y s t e m s .   F o r   o u r   c u r r e n t   p u r p o s e s  we 
def ine  an  input-output   system  as   one  which  has  a f i n i t e  
d i m e n s i o n a l  s t a t e  s p a c e  r e p r e s e n t a t i o n  i n  t h e  f o l l o w i n g  
form 
1 = f ( x , u )  , X E M ,  U E ~ C  R m  
y = h ( x , u )  Y E  R p  
w h e r e  M i s  a n   a n a l y t i c   m a n i f o l d   a n d   f o r   e a c h  u ~ n ,  
x + f ( x , u )  i s  a c o m p l e t e   a n a l y t i c   v e c t o r   f i e l d  o n  M .  We 
a s s u a e  a l s o  t h a t  t h e  maps ( x , u ) +   f ( x , u )   ( x , u ) +   h ( x , u )  
a r e   a n a l y t i c .   L e t  1 d e n o t e   t h e   s u b c l a s s   d e f i n e d  by 
e q u a t i o n s  
L 
y . =   H . ( x )  , j = l  . . . . p  Y E  R P . i = l  
1 .1 
Before  we d e f i n e  t h e  s u b c l a s s  o f   H a m i l t o n i a n   i n p u t -  
output   system we d i s c u s s  some i m p o r t a n t   e x t e r n a l   ( s t a t e  
i n d e p e n d e n t )   r e p r e s e n t a t i o n s  of i n p u t - o u t p u t  systems. 
T h e   i n p u t - o u t p u t   m a p   r e p r e s e n t a t i o n   o f  a s y s t e m  
c o n s i s t s  of a c a u s a l   m a p p i n g   F : U [ o , m ) +  Y[o ,m)  w h e r e  
U : ( a , b ) ]  i s  t h e   c l a s s  o f   n -va lued   p i ecewise   cons t an t  
f u n c t i o n s  on  [ ( a , b ) ] ,   a n d  Y i s  t h e   c l a s s  of R P - v a l u e d  
c o n t i n u o u s   f u n c t i o n s  on [ ( a , b ) ] .  F has a r e a l i z a t i o n  
by a n   i n p u t - o u t p u t   s y s t e m  1 i n  c a s e  t h e r e  e x i s t s  a n  
i n i t i a l  s t a t e  xo€M s u c h   t h a t   t h e   i n p u t   o u t p u t  map 
de f ined  by t h e  i n i t i a l i z e d  s y s t e m  1 c o i n c i d e s  w i t h  F .  
T h e r e   a r e   t w o   s p e c i f i c   p a r a m e t e r i z a t i o n s  o f   i n p u t -  
ou tpu t s#maps   wh ich   i n t e re s t  LS h e r e .   I f  we e v a l u a t e  F 
o n  p a r t i c u l a r   e l e m e n t s  of T J C O , ~ )  f o r  a s y s t e m  I we 
o b t a i n  
-------------__- 
F ( ( t l  , u l  ) ( t 2 , u 2 ) .  . . ( t k - l  , u ~ - ~  h k )  
( 1 )  
where ( t ,  ,u, ) ( t2 , iu2) . . . ( tk- l  , u ~ - ~  ) u k  , f i E  R +  denotes  a 
p i e c e w i s e   c o n s t a n t   c o n t r o l  on [ o ,  1 ti!, and i f   h u  ( x )  
= h ( x , u ) ,  f ( x )  = f ( x , u )   t n e n   ( t , x )  -* Y: ( x )  deno tes  
t h e   f l o w  of t h e   ( c o m p l e t e )   v e c t o r   f i e l d   f U .  We now 
write 
k- 1 
i = l  
a Q(u,. . . u r )  = - 
at; . . * .  a ti- 1 -a 1ti,*F ( ( t ,  , u l  ) ( t 2 , u 2 )  ... 
( t k - l  ' U k - l ) U k ) '  ( 2 )  
C l e a r l y   Q ( u ,  ... u k )  = ( f u  (....(fu ( h U  I...) ( x o ) .  
1 k - 1  k 
.A. Van Cer   Scha f t  
aepar tment  of b p p l i e a  
Ya5hematics,  Twente 
Lln ivers i ty  of  Technolclgy 
P . 3 .  Box 2 1 7 ,  75COAE 
Cnschede, The Yether lands  
F o r m a l l y  we may e x p r e s s   t h e   i n p u t - o u t p u t  Tap F i n  t h e  
form P = I Q ( u ) w  , where '.I i s  t h e   m o n o i d  c o n s t r u c t e d  
f r o m   t h e   s e t  of words on  n, s e e   J a k s b c z y k   [ 1 3 ] ,   f o r  
f u r t h e r  d e t a i l s  c o n c e r n i n g  r e a l i z a t i o n  t h e o r y  b a s e d  o n  
s u c h   r e p r e s e n t a t i o n s .   N o t e   a l s o   t h a t  i n  t h e   p a r t i c u l a r  
c a s e  o f  s y s t e m s   the e x p r e s s i o n s  
Q(u, , . u k )  s p e c i a l i z e  t o  t h e  c o e f f i c i e n t s  i n  t h e  Chen 
s e r i e s   o r   g e n e r a t i n g   s e r i e s   p a r a m e t e r i z a t i o n  of t h e  
i n p u t - o u t p u t   m a p ,   ( s e e   F l i e s s  [51 f o r   d e t a i l s ) .  For 
t h i s   r e a s o n  we  do n o t   e x p l i c i  t y  n e e d   s u c h  a 
p a r a m e t e r i z a t i o n   h e r e .  The second  parameter izat ion  of  
t he   i npu t -ou tpu t  map  we c o n s i d e r  a p p l i e s  o n l y  t o  t h e  
s y s t e n s  lL, and i s  known a s   t h e   V o l t e r r a   s e r i e s ,   w h i c h  
we denote  by 
w E1.I 
y ( t )  = W o ( t )  + J i t  ' d l ( t , o l ) ~ ( a l ) ) d o l  +... . .  
0 
[t , D l  p - 1  
+ J J 
. . .  I W k ( t , o   l . . . . a k ) ~ ( o l ) ) d u l . . . d u k  
+ e . . . .  , t > O .  
0 0  
J 
0 
- ( 3 )  
Here W. ( t , o l . .  . a k )  i s  a k - l inea r  R P va lued  mapp ing  on  
nC R m .  S e e  ['I] f o r   d e t a i l e d   e x p r e s s i o n s   f o r   t h e  
k e r n e l s  i n  t e r m s  of t he  sys t em da ta .  
T h e   i n p u t - o u t p u t   b e h a v i o r   r e p r e s e n t a t i o n   o f  a 
system 1 c o n s i s t s  of t h e   s e t  of a l l   p a i r s   ( u , y )   w h e r e  
UE U (-m, m )  and Y E  Y(--, m), s u c h  t h a t  t h e r e  e x i s t s  an 
a b s o l u t e l y   c o n t i n u o u s  M v a l u e d   f u n c t i o n  x o n  ( - - ,  m ) ,  
w i t h   t h e   p r o p e r t y   t h a t   t h e   m a p p i n g  t + ( u ( t ) ,  y ( t ) ,  
x ( t ) )  s a t i s f i e s   t h e   e q u a t i o n s  1 a . e .  o n  ( - = ,  m ) ,  
D e n o t e  t h i s  set by le, and  denote  by 1. t h e  s e t  of a l l  
3 - t u p l e s   ( u , y , x )   w h e r e  ( U , Y ) E ~ ~  and x i s  a c o r r e s p o n d -  
i n g   s t a t e   t r a j e c t o r y .   D e n o t e  by 1; ( o ) ( x o ) ,  t h e  s e t  of 
a l l   3 - t u p l e s   ( u , y , x )   w h e r e   u , y , x   a r e   f , m c t i o n s   d e f i n e d  
o n  [ O , m )  c o i n c i d i n g  w i t h  t h e  r e s t r i c t i o n  o f   f u n c t i o n s  
u, y ,  x on (--, m) s u c h   t h a t  (u, y ,  x )  E I .  a n d  x ( ~ )  = 
x o . l ' ,  ( o ) ( x o )  i s  d e f i n e d   a s   t h e   p r o j e c t i o n   o f  1: 
1 
( o ) ( x  ) o n t o   t h e   s e t   o f   p a i r s   ( u , y ) .   N o t e   t h a t  
- - -  - - -  
0 
I i ( o ) ( x o )  i s  i n  f a c t   t h e   s a m e   o b j e c t   a s   t h e   i n p u t  
ou tpu t  map F de f ined  by system 1 i n i t i a l i z e d  a t  x o .  
F o r  i n i t i a l i z e d ,  a n a l y t i c  s y s t e m s  s a t i s f y i n g  a 
comple teness   assumpt ion   the   ex is tence   and   un iqueness  of 
m i n i m a l   r e a l i z a t i o n s  o f   i n p u t - o u t p u t   m a p s  i s  w e l l  
understood,  Sussmann  [231,  Jakubczyk [ l l ] .  Even i n   t h e  
C k  a n d  l o c a l  c a s e s  many r e s u l t s  a r e  s t i l l  va l id   [121 ,  
1 6 3 .  However t h e   c o r r e s p o n d i n g   t h e o r y   b a s e d  o n  t h e  
i n p u t - o u t p u t   b e h a v i o r   r e p r e s e n t a t i o n   o f   i n p u t   o u t p u t  
s y s t e m s  i s  s t i l l  i n  i t s  i n f a n c y .   ( S e e   F l i e s s   [ 7 1  
c o n c e r n i n g  t h e  d i f f e r e n t i a l  e q u a t i o n  r e p r e s e n t a t i o n ) .  
I n  any   case  we s h a l l  n o t  c o n c e r n  o u r s e l v e s  h e r e  w i t h  
c o n d i t i o n s  under  which a g i v e n  e x t e r n a l  r e p r e s e n t a t i o n  
admits a r e a l i z a t i o n  by an  inpu t -ou tpu t  sys t em.  
We s a y  1 i s  a Hami l ton ian  inpu t -ou tpu t  sys t em i f  M 
c a n   b e   g i v e n   t h e   s t r u c t u r e   o f   s y m p l e c t i c   m a n i f o l d  
(M,u ) ,  w i th  symple t i c  fo rm w ,  w i t h  r e s p e c t  t o  which f o r  
CH2505-618710000-1423$1 .OO 1987 IEEE 1423 
e a c h  f i x e d  u ~ n ,  f ( x , u )  i s  a l o c a l l y  H a m i l t o n i a n  v e c t o r  
f i e l d ,  a n d  f o r  e a c h  X ~ E M  t h e r e  e x i s t s  a neighborhood U 
of x. s u c h  t h a t  on U ,  1 can  be w r i t t e n  i n  t h e  f o r m  
x = 'k ( x )  I Y = a , ( x , u )  a H  
U 
X E  U ~ M  ucn R', m = p .  
T h a t  i s  o n  U ,  f o r   e a c h   f i x e d   u ,  i s  a g l o b a l  
H a m i l t o n i a n  v e c t o r  f i e l d  w i t h  H a m i l t o n i a n  f u n c t i o n  x + 
H ( x )  = H ( x ,  u ) ,  ( 0 ( X H  ,Z) = - dH ( z )   f o r   a l l   v e c t o r  
f i e l d s  Z on U )  S e e  Van d e r   S c h a f t  E201 f o r   d e t a i l s  
concern ing  t h i s  d e f i n i t i o n .   N o t e   t h a t  we do n o t   i n s i s t  




I n   c a s e   o f   a n   i n p u t - o u t p u t   s y s t e m  zL, t h i s  d e f i n i t i o n  
r e d u c e s  t o  t h e  f a c t  t h a t  we may r e w r i t e  t h e  s y s t e m  i n  
t h e  form 
= g o ( x )  + ui 5 ( x )  , X E M ,  U E Q ~  R p  
i= 1 i 
y .  = H . ( x )  , l i i 'p , m = p .  
1 1  
Here  X a r e   g l o b a l   H a m i l t o n i a n   v e c t o r   f i e l d s   o n  ?I with  
H a m i l t o n i a n   f u n c t i o n s  H a n d  g i s  a l o c a l l y  
H i  
i '  0 
H a m i l t o n i a n   v e c t o r   f i e l d  w i t h  l o c a l l y  d e f i n e d  
H a m i l t o n i a n   f u n c t i o n  H o ,  We s a y  1 i s  a s e c o n d a r y  
Hamil tonian   input -output   sys tem i t  has a r e p r e s e n t a t i o n  
a s   a b o v e   b u t   i n  1, we have y = H ( x , u ) .   T h e r e  i s  sane  
r e a s o n   t o   b e l i e v e   t h a t   t h e   f i r s t   d e f i n i t i o n   o f  
H a m i l t o n i a n   i n p u t - o u t p u t   s y s t e m   g i v e n   a b o v e  i s  more 
na tu ra l   f r cm t h e  sys tems  theory   po in t  of view. I n  t h i s  
p a p e r  we c o n s i d e r  t h e  c h a r a c t e r i z a t i o n s  of Hami l tonian  
i n p u t - o u t p u t   s y s t e m s   i n  terms of t h e   e x t e r n a l  
r e p r e s e n t a t i o n s   d e s c r i b e d   a b o v e .   I n   s e c t i o n  ( 2 )  we 
w i l l  d i s c u s s   a n   i n t e r m e d i a t e   s t a t e   s p a c e  
c h a r a c t e r i z a t i o n ,  which  plays a v i t a l  r o l e  i n  t h e  work 
developed  by t h e   a u t h o r s C 5 1 ,   a n d   s u m m a r i z e d   i n  C191. 
I n  s e c t i o n  ( 3 )  we will d i s c u s s  t h e  c h a r a c t e r i z a t i o n  o f  
H a m i l t o n i a n   s y s t e m s   i n  terms o f   t h e   i n p u t - o u t p u t  
r e p r e s e n t a t i o n ,  p r i n c i p a l l y  t h e  work  of B .  Jakubczyk 
[ l o ] ,   1 9 1 ,   a n d   i n   s e c t i o n  ( 4 )  g i v e  a d i s c u s s i o n   o f   t h e  
c h a r a c t e r i z a t i o n  i n  t e r m s  of t he  inpu t -ou tpu t  behav io r  
as o b t a i n e d  by t h e  a u t h o r s .  
2 .  The S e l f - A d j o i n t n e s s   C r i t e r i o n  
F o r   s i m p l i c i t y  we c o n s i d e r   o n l y   t h e   c l a s s   o f  
f u n c t i o n  u ( t j ,  t E [ O , T ] ,  s u c h  t h a t  t h e  s o l u t i o n  x ( t )  
s y s t e m s  zL T a k e   a n   a r b i t r a r y ,   b u t   f i x e d ,   i n p u t  
of lL r ema ins  wi th in  one  coord ina te  ne ighborhood  o f  M .  
T h i s   a l s o   y i e l d s   a n   o u t p u t   y ( t ) ,  t E [o,T].  Along t h i s  
i n p u t - s t a t e - o u t p u t   t r a j e c t o r y   ( u , x , y )   t h e   v a r i a t i o n a l  
system i s  given by 
m 
j = l  
; ( t )  = D % ( x ( t ) )  v ( t )  + 1 u . ( t )   D g j ( x ( t ) )   v ( t )  
y V ( t )  = D H .  ( x ( t ) )  v ( t ) ,  j = 1 ,..., p ,  v ( o )  = o E R k 
J J 
w h e r e  D d e n o t e s   t a k i n g   t h e   J a c o b i a n   m a t r i x .  
F u r t h e r m o r e  uv = ( u l v ,  ..., urnv) and yv = ( Y  l v . . . . , Y p v )  
d e n o t e   t h e   i n p u t s   a n d   o u t p u t s   o f  t h e  v a r i a t i o n a l  
s y s t e m ,   a n d   a r e   c a l l e d   t h e   v a r i a t i o n a l   i n p u t s   a n d  
o u t p u t s .  Th i s  nomenc la tu re  i s  e x p l a i n e d  as  f o l l o w s .  
Let ( u ( t , E ) ,  x ( ~ , E ) ,  Y ( ~ , E ) ) ,  t E [ O , T l ,  be a one- 
parameter Qami ly   o f   so lu t ions  of 1 w i t h  u ( t , o )  = u ( t ) ,  
x ( t , o )  = x ( t )  a n d  y ( t , O )  = y ( t ) ,  t E CO,TI ,  c a l l e d  a 
L 
is  c a l l e d  t h e  v a r i a t i o n a l  f i e l d  a l o n g  ( u , x , y ) .  
Along t h i s  same t r a j e c t o r y  ( u ( t ) ,  x ( t ) ,  y ( t ) ) ,  t E 
[ O , T l ,  t h e   a d j o i n t   s y s t e m  i s  d e f i n e d  a s  t h e  d u a l  l i n e a r  
t ime-varying system 
w i t h  i n p u t s  u = ( u ,  , u a )  a n d   o u t p u t s  y = a 
( y l  ,. . . yma)  . F o r   a n y   i n p u t   f u n c t i o n s   u V ( t )   a n d  u ( t )  a a 
i t  fo l lows   f r cm ( 4 )  a n d   ( 5 )   t h a t  
- p ( t )  v ( t )  = ( y a ( t ) )  u ( t )  - ( y V ( t ) ) T u a ( t )  (6) d T   T v  d t  
M o r e o v e r ,   i f  a s y s t e m   w i t h   i n p u t s  u a n d   o u t p u t s  y a a 
s a t i s f i e s  ( 6 )  for   any   uv   and  yv t hen  i t  i s  e q u a l  t o  t h e  
a d j o i n t   s y s t e m   1 5 1 .   H e n c e   t h e   a d j o i n t   s y s t e m  i s  
u n i q u e l y   d e t e r m i n e d  by t h e   v a r i a t i o n a l   s y s t e m .  The 
v a r i a t i o n a l   a n d   a d j o i n t   s y s t e m s   a r e   o n l y   d e f i n e d  
l o c a l l y   a l o n g  a t r a j e c t o r y  ( u ( t ) ,  x ( t ) ,  ( y ( t ) ) ,  t E 
[ a , b ] ,   s u c h   t h a t  x ( t )  r e m a i n s   w i t h i n   o n e   c o o r d i n a t e  
n e i g h b o r h o o d .   H o w e v e r ,   g l o b a l   ( a n d   c o o r d i n a t e  f r e e )  
d e f i n i t i o n s   c a n  be g i v e n   i f  we c o m b i n e   t h e   o r i g i n a l  
s y s t e m   t o g e t h e r  w i t h  a l l  i t s  v a r i a t i o n a l   o r   a d j o i n t  
s y s t e m s .   E q u a t i o n s  (1 t o g e t h e r  w i t h  ( 1 1 )  d e f i n e  t h e  
p r o l o n g e d   s y s t e m ,   o r   p r o l o n g a t i o n ,   w h i c h   h a s   s t a t e  
s p a c e  TM ( l o c a l   c o o r d i n a t e s   ( x , v ) ) ,   i n p u t   s p a c e  T Rm 
( l o c a l   c o o r d i n a t e s   ( u ,   u v ) )   a n d   o u t p u t   s p a c e  T R P 
( l o c a l   c o o r d i n a t e s   ( y ,   y v ) ) .   E q u a t i o n s  1 t o g e t h e r  
w i t h  (5)  d e f i n e  t h e  H a m i l t o n i a n  e x t e n s i o n ,  w h i c h  h a s  
s t a t e  s p a c e  T*M ( l o c a l   c o o r d i n a t e s   ( x , p ) ) ,   i n p u t   s p a c e  
R m  x R p  ( l o c a l  c o o r d i n a t e s  ( u , u a ) )  a n d  o u t p u t  s p a c e  R p  
x R m  ( l o c a l  c o o r d i n a t e s  ( y  , y a ) ) .  





The i n p u t - o u t p u t  map of  t h e   v a r i a t i o n a l   s y s t e m  
L .  
t 
y V ( t )  = J Wv ( t , o , u )  u V ( o )  d o ,  t , o  >= 0 ( 7 )  I 
0 
w h e r e  W v ( t  , o , u )  i s  t h e  pxm matrix w i t h  ( i , j )  - t h  
element 
D H i  ( x ( t ) )  aU ( t , o )  g j   ( x ( o ) ) ( 8 )  
a n d   t h e   t r a n s i t i o n   m a t r i x  ( t  , a )  i s  t h e   u n i q u e  
s o l  u t i  on  of 
@'(a, (I) i s  kxk i d e n t i t y  m a t r i x  
I t  i s  e a s i l y  s e e n  t h a t  W v  ( t , o , u )  e x i s t s  f o r  a l l  t ,  
IJ 0 a n d   a l s o   c a n  be d e f i n e d   i n  a c o o r d i n a t e   f r e e  way 
[5] .  S i m i l a r l y ,   t h e   i n p u t - o u t p u t  map of t h e  a d j o i n t  
system i s  g iven  by 
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3. The Input-Output Yap C h a r a c t e r i z a t i o n  
L 
y a ( t )  = I Wa ( t , a , u )  ua(o )  do, t ,  o = 0 ( 1 0 )  > 
0 
and  Wa( t ,o ,u )  i s  de termined  by W v ( t , a , u )  s i n c e  [51 
( i n   p a r t i c u l a r  p = m )  
Note   tha t   f rom ( 7 )  i t  f o l l o w s   t h a t  a va r i a t iona l   sys t em 
i s  s e l f - a d j o i n t  i f  f o r   a n y   i n p u t   u V ( t )  = u ( t )  we 
have - p ( t )  v ( t )  = 0 and  hence p ( t )  v ( t )  = 0 ,  t - 0. 
We can  now s t a t e   t h e   m a i n   t h e o r e m  of t h i s  s e c t i o n .  
R e c a l l   t h a t   u s u a l l y  a n o n l i n e a r   s y s t e m  i s  c a l l e d  
minimal i f  i t  i s  observable   and   access ib le .   Because   an  
o b s e r v a b l e   a n d   a c c e s s i b l e   H a m i l t o n i a n   s y s t e m  i s  
n e c e s s a r i l y  s t r o n g l y  a c c e s s i b l e ,  we s h a l l  h e n c e f o r t h  
c a l l  a system  minimal if i t  i s  o b s e r v a b l e  a n d  s t r o n g l y  
a c c e s s i b l e .   T h e   f o l l o w i n g   r e s u l t s   a r e   c o n t a i n e d   i n  
a 
d T  T > 
d t  
[ 5 1 *  
Theorem  2 .1  A minimal  system 1 1 s  Hami l ton ian   i f   and  
o n l y  i f  a l l  t h e  v a r i a t i o n a l  s y s t e m s  a l o n g  a n y  p i e c e w i s e  
c o n s t a n t   i n p u t   a r e   s e l f - a d j o i n t .  0 
L .  -_- 
We s h a l l  o n l y  s k e t c h  t k e  b a s i c  s t e p s  i n  t h e  p r o o f .  
The " o n l y   i f "   d i r e c t i o n  i s  s t r a i g h t f o r w a r d .  For t h e  
" i f "  d i r e c t i o n  we n o t e  t h a t  a l l  v a r i a t i o n a l  s y s t e m s  a r e  
s e l f - a d j o i n t  i f  t h e   i n p u t - o u t p u t   m a p s  Of t h e  
p r o l o n g a t i o n   a n d   o f   t h e   H a m i l t o n i a n   e x t e n s i o n   o f  1 L 
c o i n c i d e .  I f  b o t h   t h e   p r o l o n g a t i o n   a n d   H a m i l t o n i a n  
e x t e n s i o n   a r e   m i n i m a l ,   t h i s   y i e l d s  by t h e   S U s s m a n n  
u n i q u e n e s s   t h e o r e m  on m i n i m a l   r e a l i z a t i o n s   [ 2 2 ] ,   a n  
isomorphism between the two systems: 
Theorem 2 .2 .  A system 1 i s  minimal i f  a n d   o n l y   i f   t h e  
p r o l o n g a t i o n  i s  m i n i m a l ,  i f  a n d  o n l y  i f  t h e  H a m i l t o n i a n  
ex tens ion  i s  minimal.  0 
Hence ,   s ince  1 i s  m i n i m a l ,   t h e r e   e x i s t s  a u n i q u e  
d i f f e o m o r p h i s m  0 f r o m   t h e   s t a t e   s p a c e  TM of t h e  
p r o l o n g a t i o n  t o  t h e  s t a t e  s p a c e  T I M  of t h e  H a m i l t o n i a n  
e x t e n s i o n .   T h e   n e x t   s t e p  i s  t o  show t h a t  0 i s  a 
vector-bundle   isomorphism which i s  t h e  i d e n t i t y  o n  t h e  
base  space  M ,  o r  e q u i v a l e n t l y ,  0 is l o c a l l y  of the form 
o ( x , v )  = ( x ,  p = w ( x ) v ) ,   w i t h  W ( X )  a n   i n v e r t i b l e  
m a t r i x .  From t he   un iqueness  of Q, i t  f o l l o w s   t h a t  w ( x )  
i s  skew-symmetric.  Hence w:  = 1 w . .  ( x )   d x i h  d x .  
w h e r e  w ( x )   t h e  ( i , j ) - t h  e l e m e n t  of w ( x )  d e f i n e s  a 
non-degenerate  two-form on M .  The h a r d e s t   p a r t  i s  now 
t o  s h o w   t h a t  w i s  a l s o   c l o s e d ,   a n d  s o  d e f i n e s  a 
s y m p l e c t i c   f o r m .  I t  t h e n   f o l l o w s   q u i c k l y   t h a t   h e  
s y s t e m  i s  H a m i l t o n i a n  w i t h  r e s p e c t  t o  t h i s  symplec t i c  




i ,  j = l  1J  J '  
k j  
We n o t e   t h a t  t h e  e x t e n s i o n  of t h e o r e m   ( 2 . 1 )   t o  
sys tems 1 i s  a l s o  worked  out i n  151  and i s  accomplished 
by i n t r o d u c i n g  t h e  e x t e n d e d  s y s t e m ,  x = f ( x , v ) ,  v = u ,  
y = h ( x , v ) ,  U , V E  R m ,  X E M ,  Y E  R p ,   a n d   a p p l y i n g   t h e o r e m  
( 2 . 1 ) .  
We s t a t e  f i r s t  t h e  i n i t i a l  r e s u l t ,  c h a r a c t e r i z i n g  
l i nea r   Hami l ton ian   sys t ems .   Tha t  i s ,  a n   i n p u t - o u t p u t  
map y ( t )  = j W ( t - s ) u ( s ) d s  , t 2 0,  which  as a f i n i t e  
t 
0 
d i m e n s i o n a l   l i n e a r   r e a l i z a t i o n ,  x = Ax + Bu,y  = C x ,  
x ( o )  = x o ,  has  a H a m i l t o n i a n  r e a l i z a t i o n  i f  a n d  o n l y  i f  
W(t) = -W(-t) f o r  t 2 0 .  T h i s   r e s u l t   o b t a i n e d  by 
Brocket t   and Rahimi [ 21 ,  bea r s  a very c lose   r e semblence  
t o  our theorem ( 2 . 1 ) ;  and  indeed  fol lows  f rom i t  s i n c e  
t h e  v a r i a t i o n a l   s y s t e m   o f  a l i n e a r  system i s  i t s e l f .  
However i t  may a l s o  be v i e w e d   a s  a d i s t i n c t  r e s u l t ,  
y i e l d i n g  a c h a r a c t e r i z a t i o n  o f  a Hami l ton ian   sys t em 
d i r e c t l y   i n   t e r m s  of t h e   i n p u t - o u t p u t   m a p .  We p u r s u e  
t h i s  f o r  more  general   systems 1, ( N o t e   t h a t   f o r   l i n e a r  
W ( - t ) ,  t > 0 i s  d e f i n e d   f r o m  W ( t ) ,  t 2 0 by a n a l y t i c  
sys t ems  W ( t )  i s  an a n a l y t i c  m a t r i x  v a l u e d  f u n c t i o n ,  s o  
c o n t i n u a t i z n ) .  
T 
T h e  l i n e a r  r e s u l t  w a s  f i r s t  g e n e r a l i z e d  i n  Crouch 
a n d   I r v i n g  [3 ] ,  t o  i n p u t  o u t p u t  maps de f ined  by F i n i t e  
V o l t e r r a   s e r i e s .  We d o   n o t   g i v e  t h i s  r e s u l t  
e x p l i c i t l y ,   b u t   s e e   t h e   r e m a r k   a f t e r   t h e o r e m  ( 3 . 3 ) .  
T h e  n e x t   r e s u l t   c h a r a c t e r i z e s   s e c o n d a r y   H a m i l t o n i a n  
i n p u t - o u t p u t   s y s t e m s   i n   t e r m s  of t h e  maps ( 2 ) .  'de need 
s a n e   n o t a t i o n  i n  t h i s  r ega rd .   Le t  
Q ( u 1 . .  [uk , U k + l  1 . . . u n )  = Q(u,. . . u ~ u ~ + ~  . . .u,) 
- Q ( u , . . . u k + l u k . . . u n )  
and   de f ine   Q(u  ,... [u  k . . . u r ] . . . u n )  by i n d u c t i o n  
Q ( u l . . . [ u k . . . ~ r I . . . ~ n )  = Q(u,...[uk...ur~l]~r...~n) 
- Q(u,. . .ur [u,. . . ur- 1.. .un  
( 1  3) 
Theorem 3.1  Jakubczyk [9] [ l o ]  
S u p p o s e   t h a t   a n   i n p u t - o u t p u t   m a p  F h a s  a 
r e a l i z a t i o n  by a minimal  input-output  system 1 ( w i t h  R 
c o m p a c t ) ,  t h e n  1 i s  a secondary   Hami l ton ian   sys t em  i f  
and o n l y  i f  e i t h e r  
( i )  Q ( [ u  ,... uk]) = kQ(u  ,... uk), k 2 2 ,  u i  E 
o r  
( i i )  Q ( C u , . . . ~ ~ l v , . . . v ~ )  + Q ( [ v ,  .... v r l u  , . . .  u k )  = 
0,  k ,  r 1 u .  v .  E n 
1 1  0 
( 1 4 )  
To d e t e r m i n e  r e a l i z a b i l i t y  c o n d i t i o n s  f o r  H a m i l t o n i a n  
sys t ems  I,, Jakubczyk  in t roduces  the  fo l lowing  maps ,  
- 
Q(u, ... u,) = - a a t , * * * =  
t . = O  
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Theorem 3.2  Jakubczyk  [9] [ l o ]  
Suppose an input-output  map F has a r e a l i z a t i o n  by 
a minimal   input -output   sys tem 1 ( w i t h  n compac t ) ,   t hen  
1 i s  a Hamil tonian system 1, i f  and  only  i f  t h e  maps, 6 
s a t i s f y   e i t h e r  o f  t h e  c o n d i t i o n s  ( i ) ,  o r  ( i i )  O f  
theorem  (3 .1) .  0 
So f a r  t h e  c o n d i t i o n s   i n   t h e o r e m   ( 3 . 1 )   a n d   ( 3 . 2 )  
a r e   u n r e l a t e d   t o   t h e   c r i t e r i a   i n t r o d u c e d   i n  t h e  
p r e v i o u s   s e c t i o n .  A l i n k  i s  p r o v i d e d   i n  t h e  f o l l o w i n g  
r e s u l t ,  s e e  [ 5 ] ,  
Theorem 3 .3  
Consider   an  input-output  map w h i c h  has  a min ima l  
r e a l i z a t i o n  by a system 1 and  which i s  r e p r e s e n t e d  by 
a V o l t e r r a   s e r i e s   ( 3 ) .  Then a l l   v a r i a t i o n a l   s y s t e m s  of 
lL a r e  s e l f  a d j o i n t  i f  a n d  o n l y  i f  t h e  V o l t e r r a  k e r n e l s  
s a t i s f y  
W n ( [ a , , , a , . .   . a k l a k + l . .   . a n ) = ( k + l )   W n ( a , , . .  a k . .  . o n )  
L 
f o r  k 2 1 ,  n 2 2 .  (16 )  
Note   tha t   theorem ( 2 . 1 )  shows t h a t  t h e  c o n d i t i o n s  
( 1 6 )   a r e   n e c e s s a r y   a n d   s u f f i c i e n t   f o r  lL t o  be  
H a m i l t o n i a n .   I n   t h e   c a s e   o f   f i n i t e   V o l t e r r a   s e r i e s  
t h i s  r e s u l t  w a s  p r o v e n  d i r e c t l y  by Crouch   and   I rv ing  
[31. The b r a c k e t   o p e r a t i o n   o n  t h e  k e r n e l s   i n   ( 1 6 1 ,  
d e f i n e d  i n  a s i m i l a r  way a s  t h e  bracket   on Q i n  (191, 
w a s  f i r s t   i n t r o d u c e d   i n   C r o u c h  [4]. Again t h e r e  i s  no 
a m b i g u i t y  i n  t h e  cond i t ions  (16 ) ,  even  though  nomina l ly  
t h e   i n p u t - o u t p u t  map provides  t h e  k e r n e l s .  W n  on  t h e  
domain  a, ,  2 a, L... 2 o n ,  b e c a u s e  f o r  a n a l y t i c  s y s t e m s  
t h e  k e r n e l s  a r e  a l s o  a n a l y t i c ,  a n d  t h e  v a l u e s  of t h e  
k e r n e l s   o n  R a r e   d e t e r m i n e d   u n i q u e l y  by a n a l y t i c  
c o n t i n u a t i o n .  The r e l a t i o n s h i p   b e t w e e n   t h e   c o n d i t i o n s  
( 1 6 ) ,   a n d  t h e  c o n d i t i o n s  ( 1 4 )  a n d   ( 1 5 )  i s  n o t  
p a r t i c u l a r l y  s i m p l e  b e c a u s e  t h e  a f f i n e  n a t u r e  of lL i s  
h e a v i l y   e m p l o y e d   t o   o b t a i n   t h e   c o n d i t i o n s   ( 1 6 ) .  
H o w e v e r ,   t h e   u n d e r l y i n g   r e s e m b l e n c e   b e t w e e n  t h e  
c o n d i t i o n s   d o e s   h a v e  a common l i n k  -- t h a t   o f   t h e  
Dynkin,   Specht ,  Wever c r i t e r i o n  f o r  L ie  e l e m e n t s  i n  a 
f r e e  a l g e b r a ,  (See [15])  and comes about because i n  a l l  
t h r e e  t h e o r e m s   ( 3 . 1 1 ,   ( 3 . 2 )   a n d   ( 3 . 3 ) ,   w h e n  1 i s  
H a m i l t o n i a n  Q ,  6 and  W n  have  t h e  f o r m   o f   i t e r a t e d  
P o i s s o n  b r a c k e t s  f o r  w h i c h  t h e  Lie s t r u c t u r e  i s  de f ined  
b y  t h e   c o n d i t i o n s  ( 1 4 ) ,  ( 1 5 )  a n d   ( 1 6 ) .  T h i s  
o b s e r v a t i o n   t h e n   s u g g e s t s   t h e   p o s s i b i l i t y  O f  
g e n e r a l i z i n g  a l l  these r e s u l t s  s o  far o b t a i n e d  t o  more 
g e n e r a l   P o i s s o n   s y s t e m s ,   w h o s e   u n d e r l y i n g   g e o m e t r i c  
s t r u c t u r e  i s  a P o i s s o n  s t r u c t u r e ,  n o t  a s y m p l e c t i c  
s t r u c t u r e .   T h i s   g e n e r a l i z a t i o n  i s  w o r k e d   O u t   i n  
Jakubczyk [ 1 4 ] .  
0 
n+ 1 
4. The V a r i a t i o n a l   C r i t e r i o n  
I n  t h i s  s e c t i o n  we aga in   cons ide r   sys t ems  1 f o r  
s i m p l i c i t y ,  a l t h o u g h  similar r e s u l t s  are v a l i d  f o r  more 
g e n e r a l   s y s t e m s  1. We s h a l l  u s u a l l y   i d e n t i f y  a 
v a r i a t i o n a l  f i e l d  a l o n g  a g i v e n  t r a j e c t o r y  w i t h  t h e  
v a r i a t i o n   o f  t h e  t r a j e c t o r y  i t s e l f .  We r e s t r i c t  
o u r s e l v e s   t o   p i e c e w i s e   c o n s t a n t   i n p u t s   a n d   p i e c e w i s e  
c o n s t a n t   v a r i a t i o n s ,  s o  f o r   e x a m p l e   a n y   v a r i a t i o n a l  
f i e l d  a long   an   i npu t  may be gene ra t ed  by a v a r i a t i o n  
L 
U ( t , E )  = ; ( t )  + E 6 u ( t )  
w h e r e   6 u ( t )  i s  p i e c e w i s e   c o n s t a n t .  The m a i n   t e c h n i c a l  
concept i 6  now in t roduced .  
( x o )  b e  s u c h  t h a t  ; I ( t )  = ; ( t )  and  hence ; ' ( t )  = ; ( t )  
f o r  t E [ O , T ] .  D e f i n e  a v a r i a t i o n  u ' ( u , E )  of   uq by 
s e t t i n g   u q ( t , c )  = u l ( t )  + ~ 6 u ( t ) .  T h i s  y i e l d s  a 
v a r i a t i o n   ( u ' ( t , E ) ,  y ' ( t , E ) )  of ( G I ,  7 1 ) .  We r e q u i r e  




Admiss ib l e   va r i a t ions   (6u ,   by )   o f  (i, i )  w i t h  supp  
6u c ( 0 , T )  c a n  be f u l l y  c h a r a c t e r i z e d  i n  terms of t h e  
ke rne l  Wv ( t ,  a ,  i) o f   t h e   v a r i a t i o n a l   s y s t e m  (4) a l o n g  
( u ,  x ,  y )  a s  d e f i n e d   i n  ( 8 )  a n d  ( 9 ) .  S i n c e   t h e  
t r a n s i t i o n   m a t r i x  @ i n   ( 1 5 )   s a t i s f i e s  @ ( t , a )  = 
@ " ( t , a )  @'(o, a ) ,  we may write 




WV(t,a, ;)  = G ( t , ; )  H(a,;)  
w i t h  C ( t , ; )  an mxk mat r ix  and  H(a , ; )  a kxm m a t r i x .  
Theorem  3.1  Let 1 be a minimal   sys tem.  A v a r i a t i o n  
( 6 u ,  6 ~ )  of ( u ,  y ) c I e  (0) (xo )  w i t h  s u p p   6 u C ( O , T )  i s  
a d m i s s i b l e  i f  a n d  o n l y  i f  
L 
- -  + 
T I H(a,;) 6 U(a)  d o  = 0 
0 
F u r t h e r m o r e  l e t  ( u ,  x ,  y )  be t h e  c o r r e s p o n d i n g   e l e m e n t  
of I: ( 0 )  ( x o ) .   T h e n   ( 6 u ,   b y )  i s  admiss ib le  i f  and 
o n l y  if supp  6xCsupp  6u ,   and   hence  6 x  ( T )  = 0. 
Consider  now t h e  Hilbert space H = L 2  ( [ O , T ] ,  R m ) ,  
and  l e t  D be t he   dense   subspace  of p i e c e w i s e  c o n s t a n t  
r i g h t   c o n t i n u o u s   f u n c t i o n s ,  Let S be  t h e  f i n i t e  
d i m e n s i o n a l   s u b s p a c e   o f  H d e f i n e d  by S = I H (  0 ,  u )  
- T  
X ;  E R 1 .  I t  f o l l o w s  t h a t  6u s a t i s f i e s  (23)  i f  and 
Only i f  6u E DO SA , where J- d e n o t e s  t h e  o r t h o g o n a l  
c o m p l e m e n t   i n  H .  Hence t h e  admiss ib l e  v a r i a t i o n s  
(6u ,   by)  of ( u ,  y )  w i t h  supp  6u C. ( 0 , T )  are  i n  o n e - t o -  
o n e  c o r r e s p o n d e n c e  w i t h  t h e  f u n c t i o n s  i n  D n SL . 
Since  D is  d e n s e  i n  H i t  f o l l o w s  ( c . f .  [ 5 ] )  t h a t  D 0 + 
i s  d e n s e   i n  SI , a n d  s o  t h e r e   a r e  a g r e a t   m a n y  
admissible v a r i a t i o n s  of compact s u p p o r t .  One  of t h e  
main results i n  [ 5 1  is 
Theorem 3.2  Consider  a minimal  system 1 . The system 
is  H a m i l t o n i a n  i f  and  i f  f o r  a n y   ( u , y )  E 1; ( 0 )  (xo)  
and  admiss ib le  v a r i a t i o n s   ( 6 i u ,  B i y )  o f   ( u , y )  w i t h  
compact s u p p o r t ,  i = 1 , 2 ,  we have 
J [ 6 *  y ( t )  6, u ( t )  - 6 1  y ( t )  6 2 U ( t ) l  d t  = 0 ( 1 8 )  f T  T 
0 0 
- - -  
k 




So  f a r  we h a v e   o n l y   c o n s i d e r e d   m i n i m a l   s y s t e m s .  
However t h e   s e l f - a d j o i n t n e s s   a s  well a s   t h e   v a r i a t i o n a l  
c r i t e r i o n   a r e   e x p r e s s e d   s o l e l y   i n  terms of  t h e  
( v a r i a t i o n a l )   i n p u t - o u t p u t   b e h a v i o r   o f  t h e  s y s t e m .  
Also a non-minimal   system  with  external   behavior  1: (0) 
(x , )  has  a m i n i m a l  r e a l i z a t i o n  w i t h  t h i s  same e x t e r n a l  
b e h a v i o r  ( w h e r e  m i n i m a l   m e a n s   o b s e r v a b l e   a n d  
a c c e s s i b l e ,   c . f .   [ 2 2 ] ) .  I t  may t h e r e f o r e  be e x p e c t e d  
t h a t  i f  a n o n - m i n i m a l   s y s t e m   s a t i s f i e s   t h e s e   c r i t e r i a  
t hen  a minimal r e a l i z a t i o n  will be H a m i l t o n i a n .   T h e  
o n l y   f l a w   i n   t h i s   a r g u m e n t  i s  tha t   an   observable   and  
a c c e s s i b l e  H a m i l t o n i a n  s y s t e m  i s  n e c e s s a r i l y  s t r o n g l y  
a c c e s s i b l e .  Let L b e   t h e   s m a l l e s t  L i e  a l g e b r a  
c o n t a i n i n g   g o ,   g , ,  . . . ,  g m ,   a n d  Lo t h e   i d e a l  i n  L 
gene ra t ed  by g ,  , . . . , gm.  
Theorem 3 .4   Le t  IL be  a n o n l i n e a r   s y s t e m   s u c h   t h a t  
g o ( x o )  E L o ( x o ) .  Then a min ima l   r ea l i za t ion   o f  1 i s  L 
Hamiltoniar.  i f   a n d   o n l y  i f  e v e r y   v a r i a t i o n a l   s y s t e m  
a long  any  p i ecewise  cons t an t  con t ro l  u i s  s e l f - a d j o i n t ,  
i f  and o n l y   i f   a l o n g   a n y  ( u ,  y )  E 1: (0) ( x , )  a n d  f o r  
a n y   t w o   a d m i s s i b l e   v a r i a t i o r d s   ( 6 i u ,   6 i y ) ,  i = 1 , 2 ,  of 
( u , y )  w i t h  c o m p a c t   s u p p o r t ;   c o n d i t i o n  ( 1  8 )  i s  
s a t i s f i e d .  n 
The c o n d i t i o n  % ( x o )  E L o ( x o ) ,  o f   e q u i v a l e n t l y  
L ( x  ) = L ( x  ) s i m p l y   m e a n s   t h a t   a n   a c c e s s i b l e  
r e a l i z a t i o n  i s  a l s o   s t r o n g l y   a c c e s s i b l e .   I f  
go ( x , )  .k L o ( x o )  t hen  we have t o  t a k e  r e c o u r s e  t o  time- 
va ry ing  Hami l ton ian  sys t ems  a s  exp la ined  in  [ 8 ] .  
N o t e  t h a t  f o r  m i n i m a l  H a m i l t o n i a n  r e a l i z a t i o n s  t h e  
i n t e r n a l   e n e r g y  Ho n e e d   n o t  be g l o b a l l y   d e f i n e d .  On 
t h e   o t h e r   h a n d   t h e r e   a l w a y s   e x i s t s  a H a m i l t o n i a n  
r e a l i z a t i o n  & f o r   w h i c h  Ho i s  g l o b a l l y   a n d  1, is 
q u a s i - m i n i m a l   ( s t r o n g l y   a c c e s s i b l e   a n d   w e a k l y  
o b s e r v a b l e ) .  
A s  t h e   c o m p l e x i t y   o f  t h e  s t a t e m e n t  of   theorem 
( 3 . 2 )   s u g g e s t s   t h i s   c h a r a c t e r i z a t i o n   o f   H a m i l t o n i a n  
s y s t e m s  i s  n o t  p a r t i c u l a r l y  well s u i t e d  t o  t h e  i n p u t -  
ou tpu t  map r e p r e s e n t a t i o n .  A s  we now show i t  i s  f a r  
b e t t e r   s u i t e d   t o   t h e   i n p u t - o u t p u t   b e h a v i o r  
r e p r e s e n t a t i o n   i n t r o d u c e d   i n   s e c t i o n  1 .  We r e s t a t e  o u r  
p r i n c i p a l  d e f i n i t i o n  i n  t h i s  c o n t e x t .  
D e f i n i t i o n  ( 6 u ,  b y )  i s  a n   a d m i s s i b l e   v a r i a t i o n   o f  
compact  support of (l, i )  E 1 i f  
( i  ) supp 6u i s  compact 
( i i )  S U P P  b y  supp  6u 
( i i i )  S u p p o s e   s u p p  6 u C [ T , ,  T 2 ) ,  x ( T 1 )  = 
5, '  x(T,) = xT . Let (if, x ' , y l )  E Ii  b e   s u c h   t h a t  i t  
co inc ides   w i th  (G, x, i )  f o r  t E [ T , ,  T z ) .  D e f i n e  a 
v a r i a t i o n  u t  ( t ,  E )  o f  ; ( t )  by s e t t i n g   u I ( t , E )  = 
u ( t )  + E 6 u ( t ) .  T h i s  y i e l d s  a v a r i a t i o n  ( u l  ( t ,  E ) ,  
y '  ( t  , E ) )  of ( i t ,  i t ) .  We r e q u i r e   t h a t  t h e  r e s u l t i n g  
( i n f i n i t e s i m a l )   v a r i a t i o n   ( b u t  , b y ' )  of (;I, it) a l s o  
sat isf ies  ( i i ) ,  i . e .  supp  6 y ' c  supp  but = supp  bu. 
We o b t a i n  a d i r e c t  a n a l o g u e  o f  Theorem  3.1  and  the 
fo l lowing  improved  ve r s ion  o f  Theorem 3 . 2  ( S e e  [ S I . )  
0 0 0  
L L .  





Theorem 3.5  Consider  a m i n i m a l   n o n - i n i t i a l i z e d   s y s t e m  
lL. E v e r y   v a r i a t i o n a l   s y s t e m  i s  s e l f - a d j o i n t   ( o r  
e q u i v a l e n t l y  (Theorem 2 . 1 ) ,  t he   sys t em i s  Hami l ton ian ) ,  
i f   a n d   o n l y   i f   f o r   a n y   ( u ,   y )  E 1, a l l   a d m i s s i b l e  
v a r i a t i o n s  ( 6 i u ,  h i y )   o f   ( u ,   y )   w i t h   c o m p a c t   s u p p o r t ,  
i = 1 , 2 ,   s a t i s f y  
+ m  
[ 6 ,  y ( t ) 6 ,   u ( t )  - 6 ,  y ( t ) 6 ,  u ( t ) l  d t  = 0 ( 1 9 )  T T 
- m  
Fur thermore  we have  (See [ 5 ] )  
0 
----------- T h e o r e m   3 . 6   C o n s i d e r  a m i n i m a l   n o n - i n i t i a l i z e d  
Hamil tonian   sys tem 1 . L e t   ( u ,  y )  E le a n d   s u p p o s e  
t h a t   ( u ,   y )   a l s o   b e l o n g s   t o   t h e   e x t e r n a l   b e h a v i o r  1, of 
s o m e   o t h e r   m i n i m a l   ( n o t   n e c e s s a r i l y   H a m i l t o n i a n )  
s y s t e m ,  w i t h  t h e   s a m e   s t a t e   s p a c e  M .  Let (Du, Dy) be 
an a d m i s s i b l e   v a r i a t i o n   o f   ( u , y )  of  c o m p a c t   s u p p o r t  
where  ( u ,  y )  i s  v iewed as an element of re. If eve ry  
a d m i s s i b l e   v a r i a t i o n  ( 6 u ,  6y )   o f  ( u ,  y )  w i t h  compact 
s u p p o r t ,   w h e r e  ( u ,  y )  i s  v i e w e d   a s   e l e m e n t  l e ,  
s a t i s f i e s  
L 
Crn I [Dy ( t )  6 u ( t )  - 6 y ( t )  D u ( t ) ]  d t  = 0 T T 
- m  
t h e n   ( D u ,   D y )  i s  a l s o   a n   a d m i s s i b l e   v a r i a t i o n  w i t h  
compact s u p p r t  of ( u ,   y )   v i e w e d   a s   e l e m e n t  of le. 
T h e o r e m s   3 . 4   a n d   3 . 5   h a v e  t h e  f o l l o w i n g   f o r m a l  
i n t e r p r e t a t i o n .   C o n s i d e r  the  "manifold" of maps NM, , , ,  
d e f i n e d   a s   t h e   u n i o n   o f   a l l   b e h a v i o r   s e t s  le a s  IL 
r a n g e s   o v e r   a l l   n o n - i n i t i a l i z e d  minimal  systems, w i t h  
s t a t e   s p a c e  M and  input   space R . On t h i s  m a n i f o l d  we 
T 
s u p p o s e   t h e   " t a n g e n t   s p a c e "   t o  i t  a t  ( u ,  y ) ,  denoted  
( u ,  y )  s,m as sugges t ed  by ( 1 9 ) ,  i . e . ,  
m 
I J ( u , y )  ( ( A l ' J ,  6 l Y ) ,  ( 6 2 U s  5zY)) 
+ m  
= [6:y(t) b , u ( t )  - 6 , ; y ( t )   6 , u ( t ) l )  d t  
Cons ider  now a Hamil tonian system 1 o n  M w i t h  m i n p u t s .  
Then 1, i s  a "submani fo ldTf  of N M , m .  Now Theorem  3 .4  
i m p l i e s  t h a t  t h e  s y m p l e t i c  f o r m  IJ is  z e r o  r e s t r i c t e d  t o  
le, o r  e q u i v a l e n t l y ,  1 i s  an i s o t r o p i c  s u h a n i f o l d  of 
'M , m e  On t h e  o t h e r  hand  Theorem  3.5  implies  that  le i s  
a l s o  a c o i s o t r o p i c   s u b m a n i f o l d .   H e n c e   t h e   f o l l o w i n g  
c o r o l l a r y ,  s t a t e d  as a c o n j e c t u r e  i n  [ 2 0 3 ,  i s  f o r m a l l y  
proven. 
Coro l l a ry   3 .6  A min imal   non- in i t ia l ized   sys tem 1 on M 
i s  H a m i l t o n i a n   i f   a n d   o n l y   i f  le  i s  a L a g r a n g i a n  
submani fo ld  of  NM 
T 
- m  
e 
L 
, m e  0 
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